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Classical simulation of quantum dephasing and depolarizing noise
Daniel Crow∗ and Robert Joynt†
Physics Department, University of Wisconsin-Madison, Madison, WI, US
(Dated: April 24, 2014)
Dephasing decoherence induced by interaction of one qubit with a quantum bath can be simulated
classically by random unitary evolution without the need for a bath and this random unitary evolu-
tion is equivalent to the quantum case. For a general dephasing model and a single qubit system,
we explicitly construct the noise functional and completely specify the random unitary evolution.
To demonstrate the technique, we applied our results to three paradigmatic models: spin-boson,
central spin, and quantum impurity. For multiple qubits, we identify a class of generalized quan-
tum dephasing models that can be simulated classically. Finally we show that depolarizing quantum
models can be simulated classically for all dimensionalities of the principal system.
PACS numbers: 03.65.Yz, 03.67.Lx, 42.50.Lc
I. INTRODUCTION
The notion of an open quantum system has received
intense scrutiny in recent years, motivated initially by
questions about the location and nature of the bound-
ary (if any) between the quantum and classical worlds
[1]. Further impetus has been given by the desire to
minimize decoherence in quantum information process-
ing [2, 3]. Open quantum systems have been conceived
in two quite distinct ways: a system and bath considered
as a single quantum entity with overall unitary dynam-
ics, or a quantum system acted on by random classical
forces. The first (system-bath or SB) approach is usu-
ally thought of as being more general since it includes
the transformation of information and the idea that de-
coherence is connected to the entanglement of a system
with its environment [4]. In the random classical (RC)
force approach these effects are absent. Furthermore, in
the question of the quantum-classical divide, it is often
seen as important that the bath be macroscopic since this
precludes the complete measurement of the bath degrees
of freedom.
It is very clear from the Kraus operator representation
that the SB approach is more general than the RC one,
since the operators need not be unitary in SB. However,
this does not illuminate what precisely is the role of en-
tanglement in separating the SB and RC methods. In
fact, it has been pointed out that SB models whose cou-
pling is of dephasing type should always be able to be
rewritten as classical models [5]. This is based on gen-
eral results concerning existence of certain positive maps
[6]. A specific example of a single qubit bath has been
given [7]. Since SB entanglement is present in many
dephasing models, this implies that this entanglement is
not the decisive feature of SB models that distinguishes
them from RC models.
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In order to understand this particular aspect of the dif-
ference between quantum theory and classical physics, we
seek to find situations in which SB models can be classi-
cally simulated. There are two aspects to this program.
The first is existence: which SB models can be classi-
cally simulated? The second is construction: can we
write down explicitly the RC model that corresponds to
a given SB model? The possibility of such simulation of
course does not imply that system-bath entanglement is
not important for quantum decoherence, but it does im-
ply that the distinction between quantum and classical
noise is more subtle than has been previously recognized.
The existence question for one qubit has been essen-
tially settled in Refs. [5] and [7]. We extend this work
by giving an explicit construction method. As exam-
ples, we show explicitly how three paradigmatic system-
macroscopic dephasing bath models can be simulated by
subjecting the quantum 2-level system to a classical ran-
dom force without ever needing the bath. We do this by
describing completely the classical noise source that per-
fectly mimics the effect of entanglement of the qubit with
the bath (Sec. II). The three models are the popular
spin-boson model, a specific central spin model, and the
quantum impurity model (Sec. III). The last model is
particularly interesting in this context since it has a “clas-
sical” and a “quantum” phase [8]. For multiple qubits,
we can also give a construction method for a certain class
of multiple-qubit dephasing models, extending both ex-
istence and construction results. The qubits can be
interacting and entangled, so the generalization is non-
trivial (Sec. IV). Finally we show that pure depolarizing
models on qudits of arbitrary dimension can always be
simulated classically (Sec. V).
2II. CLASSICAL SIMULATION OF QUANTUM
DEPHASING MODELS
A. Quantum Models
The class of quantum models considered in this sec-
tion consists of a single qubit principal system subject to
dephasing by an arbitrary quantum system. Thus the
total Hamiltonian of the composite system is
H = HS [σi] +HB [λi] +HSB [σi, λi] (1)
where σ0,x,y,z are the identity matrix I and the Pauli
matrices that act on the qubit and the matrices λj are
some complete set of Hermitian operators for the bath,
taken for simplicity to be finite-dimensional. HB [λi] +
HSB [σi, λi] are linear functions of the λi. λ0 is propor-
tional to the identity, and TrB λi = 0 for i > 0. For an
N -level bath the λi for i > 0 could be chosen as propor-
tional to the N2−1 generators of SU (N) and λ0 = I/N.
TrB is the trace over bath variables. We shall normalize
the λi by the condition that TrB [λiλj ] = δij for i, j > 0.
HB [λi] is the bath Hamiltonian. Infinite-dimensional
baths can be treated by the same method at the cost of
some additional notational complexity.
We will focus on dephasing models, defined as those
for which [HS , HSB] = 0.
The total density matrix can be expanded as
ρ =
∑
ij
Nijσi ⊗ λj (2)
and we can invert this equation :
Nij =
1
2
Tr [(σi ⊗ λj) ρ] .
The reduced density matrix of the system is
ρS = TrB ρ =
1
2
∑
i
niσi
and ni = (1, nx, ny, nz) is the expanded Bloch vector of
the system. For quantum noise we have
ρ (t) = Uρ (0)U †
with U = exp (−iHt) where we have set ~ = 1. In terms
of components this is
Nij (t) =
1
2
∑
kl
Tr
[
(σi ⊗ λj)U (σk ⊗ λl)U †
]
Nkl (0) .
We assume that the initial ρ is in a product form
ρ (0) = ρS (0) ⊗ ρB (0) , which in components says that
Nij (0) =
1
2ni (0)mj , where
mj = TrB λiρ
B (0) .
This is an important assumption, which will be used
throughout the rest of the paper. It is an open ques-
tion whether the results below can be generalized to non-
product initial conditions. The dynamics of the system
can be rewritten as
Nij (t) =
1
2
∑
kl
Tr
[
(σi ⊗ λj)U (σk ⊗ λl (0))U †
]
nk (0)ml
and the Bloch vector of the qubit at time t is given by
ni (t) = 2Ni0 (t)
=
∑
kl
Tr
[
(σi ⊗ λ0)U (σk ⊗ λl)U †
]
nk (0)ml
Finally we have a linear relation between the initial and
final expanded Bloch vectors:
ni (t) =
∑
k
T
(Q)
ik nk (0)
where the quantum transfer matrix is given by
T
(Q)
ik (t) =
∑
l
Tr
[
(σi ⊗ λ0)U (σk ⊗ λl)U †
]
ml. (3)
One should note that this represents a linear relation
between the initial and final expanded Bloch vectors.
However, if construed as a relation between the usual 3-
dimensional Bloch vectors, it is an affine relation, since if
ni (t = 0) = (1, 0, 0, 0) , then the initial state has zero or-
dinary Bloch vector, but the final state has ni (t) = T
(Q)
i0 ,
which is not zero. Expanding the Bloch vector to four
components is just a convenient way of including the
affine part.
The whole dynamics of the qubit is contained in the
matrix T
(Q)
ik (t) . Given a Hamiltonian for the coupled
system and bath, V , the matrix T
(Q)
ik (t) is uniquely de-
fined by Eq. 3. More formally, let us define the set QM
of quantum models specified by H and U. Let qm ∈ QM
be a member of this set. Let RS be the set of all evo-
lutions of the density matrix of the principal system and
let rs ∈ RS be a member of this set. Then Eq. 3 defines
a map f : QM → RS.
B. Classical Noise
A 2-level system acted on by dephasing classical noise
has the 2× 2 Hamiltonian
HCl = −1
2
Bσz +
1
2
h (t)σz . (4)
h (t) is a random classical (c-number) function of time
that represents an external source of noise. To com-
pletely specify the model we need a probability functional
P [h] on the noise histories. Then the system dynamics
3is given by
ρ(Cl) (t) =
∫
D [h (t′)]P [h (t′)]
× UCl [h (t′)] ρ(Cl) (0)U †Cl [h (t′)] .
(5)
This is a functional integral over all real functions h (t′)
defined on the interval 0 ≤ t′ ≤ t. Each h (t′) is assigned
a probability P [h (t′)] and∫
D [h (t′)]P [h (t′)] = 1.
Here the time-ordered exponential UCl [h (t)] =
T exp
(
−i ∫ t0 HCl (t′) dt′
)
is a 2×2matrix, unlike UQ (t) ,
which is infinite-dimensional. In the dephasing case
two Hamiltonians taken at different times commute:
[HCl (t) , HCl (t
′)] = 0 and the time-ordering can be
dropped. Note the simplicity of the classical problem
relative to the quantum one.
We now follow the steps of the discussion of the quan-
tum models with the appropriate modifications. Restat-
ing the results in terms of the 3×3 transfer matrix T (Cl),
we have, in exact analogy to the section above,
ρS =
1
2
3∑
i=0
niσi,
ni =
1
2
Trσiρ
S
ni (t) =
3∑
j=0
T
(Cl)
ij (t)nj (0)
where
T
(Cl)
ij (t) =
1
2
∫
D [h (t′)]P [h (t′)]×
Tr
{
σiUCl[h (t
′)]σjU
†
Cl[h (t
′)]
} (6)
Note that T
(Cl)
i0 =
1
2 Tr σi = δi0, so the classical model
always gives a linear relation between initial and final or-
dinary Bloch vectors— there is no affine term. This is
another example of the fact that not all quantum models
have a classical analog. A simple example of an affine
evolution is a qubit initially in equilibrium at high tem-
perature that is cooled by a bath. Then we have that
ρS (t = 0) ≈ I/2, whereas at long times the system will
be at thermal equilibrium at a lower temperature and
the state populations will be determined by the Boltz-
mann factor. This physical process cannot be mimicked
by classical external noise in the sense of random unitary
evolution.
Define the set CM of quantum models specified by Hcl
and P . Then Eq. 6 defines a map g : CM → RS.
C. Classical Simulation of Quantum Models
To demonstrate the quantum-classical equivalence we
need to prove the existence of a functional P [h (t)] such
that ρ
(Cl)
S (t) = ρ
(Q)
S (t) , or, equivalently that T
(Cl)
ik (t) =
T
(Q)
ik (t) . For dephasing models we shall do more than
this— we shall give the explicit construction of the clas-
sical model.
In the construction we shall need only the discrete ver-
sion of Eq. (5), which is
ρ(Cl) (t) =
∑
r
prU
(r)
Cl ρ
(Cl) (t = 0)U
(r)†
Cl ,
where r labels the possible noise histories and U
(r)
Cl is the
evolution operator for that history. The positive numbers
pr satisfy
∑
r pr = 1. The corresponding statement for
the Bloch vector is
ni (t) =
∑
k,r
prO
(r)
ik (t)nk (0) , (7)
and the O
(r)
ik are orthogonal matrices for every r. Thus
the problem of showing that a quantum noise model is
actually classical reduces to the problem of showing that
the matrix T
(Q)
ik can be written as a convex combination
of orthogonal matrices.
We shall consider the system-bath model for one qubit
of Eq. (1). Without loss of generality we choose the
total Hamiltonian
H = −1
2
Bσz +HB [λi] +HSB [λi]σz; (8)
so that the qubit has no non-trivial dynamics and the
noise is pure dephasing.
In this model σz is conserved, which implies that
T (Q)zz = 1 ; T
(Q)
xz = T
(Q)
zx = T
(Q)
yz = T
(Q)
zy = 0.
We also have that T
(Q)
00 = 1 and T
(Q)
i0 = T
(Q)
0i = 0 for
i > 0, so we only need to calculate T
(Q)
xx , T
(Q)
yy , T
(Q)
xy and
T
(Q)
yx .
First we note that the total evolution operator is
UQ = T exp
(
−i
∫ t
0
H (t′) dt′
)
= u (t) + v (t) σz , (9)
where u (t) and v (t) are time-dependent bath operators
and T denotes time-ordering. Explicitly,
u (t) =
1
2
TrS
[
T exp
(
−i
∫ t
0
H (t′) dt′
)]
v (t) =
1
2
TrS
[
σzT exp
(
−i
∫ t
0
H (t′) dt′
)]
,
(10)
where TrS is the trace over qubit variables. In Eq. 9 the
time ordering is essential, since the λi do not commute
with one another. Note that these expressions do not
depend in any way on having a finite-dimensional bath.
Since I = UU † we have
uu† + vv† = I
uv† + vu† = 0.
4Expressing T (Q) in terms of u and v we find
T (Q)xx (t) = T
(Q)
yy (t) (11)
= Tr
[(
u† + v†σz
)
(σx ⊗ λ0) (u+ vσz)
(
σx ⊗ ρB (0)
)]
= 2TrB
[(
u†u− v†v) ρB (0)]
T (Q)xy (t) = −T (Q)yx (t) (12)
= TrB
[(
u† + v†σz
)
(σx ⊗ λ0) (u+ vσz)
(
σy ⊗ ρB (0)
)]
= TrB
[(−2iu†v + 2iv†u) ρB (0)] ,
and defining c = T
(Q)
xx = T
(Q)
yy and s = −T (Q)xy = T (Q)yx ,
the matrix T (Q) has the form
T (Q) =


1 0 0 0
0 c −s 0
0 s c 0
0 0 0 1

 .
with positivity implying that c2 + s2 = r2 ≤ 1. The
submatrix T
(Q)
ij with i, j = x, y is proportional to an
orthogonal 2 × 2 matrix. All effects of the bath on the
system are summarized by the quantities c (t) and s (t) .
The task is now to construct the equivalent classical
model. In two dimensions, an orthogonal matrix M is
characterized by a single unit vector (cos θ, sin θ) , so a
convex sum of orthogonal matrices is of the form
∑
i
piMi =


∑
i
pi cos θi −
∑
i
pi sin θi∑
i
pi sin θi
∑
i
pi cos θi

 ,
with pi > 0 and
∑
i pi = 1. This matrix is proportional
to the i, j = x, y submatrix of T
(Q)
ij .
We first write the vector (c, s) as the convex sum of
unit vectors:(
c
s
)
=
1
2
(
c+ βs
s− βc
)
+
1
2
(
c− βs
s+ βc
)
where
r2 = c2 + s2 =
[
T (Q)xx
]2
+
[
T (Q)xy
]2
; β =
√
1− r2
r
(13)
This decomposition of the vector (c, s) is not unique.
This implies that the mapping g : CM → RS is not
injective.
Then the classical evolution submatrix is written as
T (Cl) =
1
2
(
cosΦ1 − sinΦ1
sinΦ1 cosΦ1
)
+
1
2
(
cosΦ2 − sinΦ2
sinΦ2 cosΦ2
)
.
T (Cl) is the convex sum of rotations through the two
angles
Φ1 (t) = tan
−1
(
s− βc
c+ βs
)
and
Φ2 (t) = tan
−1
(
s+ βc
c− βs
)
.
(14)
Hence, by comparison to Eq. (7), it defines a classical
model. Define the fields h1 (t) and h2 (t) by
h1 =
∂Φ1
∂t
+B
and
h2 =
∂Φ2
∂t
+B.
(15)
Then the equivalent classical model is given by
HCl = −1
2
Bσz +
1
2
h (t)σz
and the probability distribution for h is: h (t) = h1 (t)
with probability 1/2 and h (t) = h2 (t) with probabil-
ity 1/2. More formally, P [h (t)] = (1/2) δ [h− h1] +
(1/2) δ [h− h2] . Writing Φi (t) =
∫ t
0 (−B + hi (t′)) dt′
and following Eq. (6) we find
T
(Cl)
ij =
1
4
Tr
[
σie
i
2
σzΦ1(t)σje
− i
2
σzΦ1(t)
]
+
1
4
Tr
[
σie
i
2
σzΦ2(t)σje
− i
2
σzΦ2(t)
]
The contents of this section can be summarized by the
following theorem and constructive proof.
Theorem. The dynamics of the open quantum system
given by Eq. (8) can be simulated by the classical noise
model given by Eq. (4) with h(t) given by Eqs. (15); the
density matrix of the qubit is the same for the two models
at all times.
Proof. The quantum Hamiltonian H of Eq. (8) deter-
mines the noise functions u(t) and v (t) in Eqs. (10) and
hence the matrix T (Q) in Eqs. (11) and (12) uniquely.
The classical fields h1 (t) and h2 (t) are given explicitly
in terms of the matrix elements of T (Q) by Eqs. (13)
through (15). h1 (t) and h2 (t) in turn define the classi-
cal Hamiltonian HCl and noise probability functional P
given in Eqs. (4) and (5). The evolution of the qubit
density matrix according to HQ with the usual partial
trace is precisely the same as the qubit evolution accord-
ing to the classical Hamiltonian HCl with the averaging
over noise histories.
D. Equivalent Classical and Quantum Models
Our terminology is to call a classical model equiva-
lent to a quantum one if rs ∈ RS, the evolution of the
principal system, is the same. More precisely, we say
that qm is equivalent to cm if there exists rs such that
f (qm) = rs and g (cm) = rs. We now complete our
characterization of f using a standard method [2], that
immediately implies that many quantum models corre-
spond to any particular rs. The proof is as follows. It
is not restricted to single qubits. Let the principal sys-
tem have an S-dimensional Hilbert space HS . An RC
5model has an EPS of the form
ρS (t) =
∑
α
Mα (t) ρS (0)M
†
α (t) , (16)
whereMα =
√
pαUα, and Uα is the unitary operator cor-
responding to the α-th history of the classical noise; pα
is the probability of that noise. ρS is an S × S ma-
trix. We then construct the equivalent quantum model
as follows. There is a bath, which is a D-dimensional
quantum system with Hilbert space HB which has ba-
sis states {|0〉B , |1〉B , |2〉B , ..., |D − 1〉B} . We associate
a bath state |α〉B with each of the classical histories α.
The bath is in the initial state |0〉B and the total initial
state is:
ρT (t = 0) = ρS ⊗ |0〉B 〈0|B . (17)
The assumption that the environment is in a pure state
is not too restrictive since we can increase D and purify
the state if we wish. The product form is restrictive,
however, as already stated. We now need a total evolu-
tion operator UT that is an (SD × SD) unitary matrix
that acts on the coupled system and bath, i.e., it acts in
the Hilbert space HB ⊗HS . We partially define it by
UT (|n〉S ⊗ |0〉B) =
D−1∑
α=0
Mα |n〉S ⊗ |α〉B . (18)
This only gives the action of UT on states of the total
system that are of the form (|n〉S ⊗ |0〉B) , i.e., where the
state of the system is arbitrary but the environment is
in the |0〉B state. This is enough to show that f is
surjective. This definition determines only S columns,
i.e., only S2D of the S2D2 of the elements in UT . On
states for which it is so far defined, U preserves the in-
ner product [2]. To complete the definition of U, we
can use Gram-Schmidt orthogonalization to get the other
S (D − 1) columns of UT . This process clearly leaves con-
siderable arbitrariness in the quantum model, so there are
many quantum models that correspond to a given classi-
cal model, i.e., f is not injective. We have already seen
that g is not injective, and earlier work [6,7] had shown
that g is not surjective.
III. CLASSICAL SIMULATION OF
SINGLE-QUBIT DEPHASING MODELS
In this section we give three examples of the explicit
construction of random classical fields that correspond
to well-known quantum models. Since the construction
proceeds from the expression for the evolution of the re-
duced density matrix, it is possible to do the construc-
tion exactly when the quantum model is exactly solvable,
(Sec. III A), and also when only approximate solutions
are known (Secs. III B and III C).
A. Spin-Boson Model
The spin-boson Hamiltonian is
HSB = −1
2
Bσz + σz
∑
k
(
gkb
†
k + g
∗
kbk
)
+
∑
k
ωkb
†
kbk.
The initial density matrix is ρ (t = 0) = ρS (t = 0) ⊗
ρB (t = 0) , where ρS (t = 0) is the initial state of the 2-
level system and ρS (t = 0) is the thermal state of the
bath at temperature 1/β. We are interested in the case
of a macroscopic bath, and it is then conventional to de-
fine the coupling function J (ω) = 4
∑
k δ (ω − ωk) |gk|2 .
Using UQ (t) = exp (−iHQt) , the system dynamics is
given by ρ
(Q)
S (t) = TrB UQ (t) ρ (t = 0)U
†
Q (t). The ini-
tially unentangled system and bath are entangled by
UQ (t). This model has been well-studied and is ex-
actly solvable [9], with the result that the off-diagonal
elements of ρS (t) are proportional to e
Γ(t), where Γ (t) =
− ∫∞0 dω J (ω) coth (βω/2) (1− cosωt) /ω2 < 0.
More explicitly,
ρ(Q) =
(
ρ00 ρ01e
Γ(t)+iBt
ρ10e
Γ(t)−iBt ρ11
)
=
ρ00 + ρ11
2
σ0 +
ρ00 − ρ11
2
σz
+
1
2
eΓ(t)
(
ρ01e
iBt + ρ10e
−iBt)σx
+
1
2
eΓ(t)
(
ρ10e
−iBt − ρ01eiBt
)
σy .
ρij are the (time-independent) initial values for the ele-
ments of ρ. In terms of the Bloch vector we have
nx (t) = e
Γ(t) (nx (0) cosBt+ ny (0) sinBt)
ny (t) = e
Γ(t) (−nx (0) sinBt+ ny (0) cosBt)
We are free to consider the polarization vector along the
z direction by change of basis and we can also begin with
a pure state since total evolution is simply proportional
to the initial polarization vector. Written in terms of
elements of T (Q),
csb = e
Γ(t) cosBt
ssb = −eΓ(t) sinBt
βsb =
√
1− e2Γ(t)
eΓ(t)
.
According to the prescription in the previous section,
therefore,
H
(sb)
Cl = −
1
2
Bσz +
1
2
h(sb) (t)σz
and the noise source h(sb) (t) is
h
(sb)
1 (t) =
∂
∂t
tan−1
(
ssb − βsbcsb
csb + βsbssb
)
+B ; p1 =
1
2
h
(sb)
2 (t) =
∂
∂t
tan−1
(
ssb + βsbcsb
csb − βsbssb
)
+B ; p2 =
1
2
(19)
6where pi is the probability of hi.
Eq. 19 gives the result for a general coupling func-
tion J (ω) . A common choice for J is the ohmic bath:
J(ω) = Aωe−ω/Ω, important in quantum optics. In this
case there is the exact result [9]
Γ (t) ∝ −1
2
ln
(
1 + Ω2t2
)− ln
(
sinh (t/τ)
t/τ
)
.
where Ω is the cutoff frequency and τ = 1piT is the thermal
correlation time where we have taken kB = 1. This
expression for Γ (t) allows an exact calculation of h1 (t)
and h2 (t) up to an overall scale factor. The results of
this calculation are plotted in Fig. 1 for the case Ωτ = 20
where we have taken the overall scale factor to be one.
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FIG. 1: Fields h1(t) and h2(t) for the spin-boson model.
The classical fields have a complicated form, with an
initial quadratic decay crossing over to exponential at
longer times. The behavior for t ≫ τ is due to thermal
decay while the behavior for t≪ τ is determined by the
cutoff Ω and is due to fluctuations of the field [9].
B. Central Spin Model
The central spin Hamiltonian describes a qubit coupled
to a bath of nuclear spins. In the case of free induction
decay, the Hamiltonian is
HCS = −1
2
Bσz +Hint +Hhf
where
Hint =
∑
i
ωiJ
z
i +
∑
i6=j
bij
(
J+i J
−
j − 2Jzi Jzj
)
and
Hhf = σz

1
2
∑
i
AiJ
z
i +
∑
i6=j
AiAj
4B
J+i J
−
j

 .
ωi are the nuclear Zeeman splittings, bij contain the dipo-
lar interaction, and Ai are the hyperfine couplings. We
assume that the initial state is a product state of the
qubit and the equilibrium bath state. For realistic con-
ditions on ωi, bij , and Ai, the qubit dynamics can be
calculated approximately at experimentally relevant time
scales [10–12]. The off-diagonal component of the qubit
density matrix is given by ρ10 (t) = ρ10 (0)Dcs (t) where
Dcs (t) =
ei arctan(αt)−iBt√
1 + α2t2
where α is a complicated function of the parameters of
the model. The explicit dependence is found in [10] and
α determines the relevant time scales since the model is
valid only for αt≪ 1. In reference [10], 1/α ≈ 20µs for
a GaAs dot.
The qubit gains an additional phase from the bath in-
teraction. In terms of T (Q), we have
ccs =
1√
1 + α2t2
cos (arctan (αt)−Bt)
scs =
1√
1 + α2t2
sin (arctan (αt)−Bt)
βcs =
αt√
1 + α2t2
.
Then we can write
Φ1 = −Bt+ arctan (αt) + arcsin
(
αt√
1 + α2t2
)
Φ2 = −Bt+ arctan (αt)− arcsin
(
αt√
1 + α2t2
)
Noting that arctan (αt) = arcsin
(
αt√
1+α2t2
)
and applying
Eqs. (15) we get
h
(cs)
1 (t) =
2α
1 + α2t2
and
h
(cs)
2 (t) =0.
This model shows a Lorentzian fall-off of one of the
two possible fields but the other one vanishes. Unlike
the spin-boson model, these fields have a non-zero time
average which indicates that the central spin noise in-
duces an additional relative phase φ between the two
system states. Furthermore, if we write the decoher-
ence function as reiφ, for r, φ ∈ R so that ρ10(t) =(
ρ10(0)e
−iBt) (r(t)eiφ(t)), then the central spin model
gives a simple relation between r and φ. Namely,
r = cosφ for all values of t.
C. Quantum Impurity Model
The quantum impurity Hamiltonian is
HQI = −1
2
Bσz +
1
2
v
(
d†d
)
σz +HB
7where
HB = ǫ0d
†d+
∑
k
(
tkc
†
kd+H.c.
)
+
∑
k
ǫkc
†
kck.
c†k creates a reservoir electron and d
† creates an impu-
rity electron. v represents the qubit-impurity coupling
strength and tk are the tunneling amplitudes between
the impurity and level k. Define the tunneling rate
γ = 2π
∑
k |tk|2 δ(ǫk − ǫ0). Assuming an initial product
state and an equilibrium bath, this model can be solved
via numerically exact techniques [13]. The off-diagonal
components of the qubit density matrix satisfy
ρ10 (t) = ρ10 (0) e
−iBtDqi(t).
Using the numerical methods outlined in [13], we com-
pute D(t) = r(t)eiφ(t) for r(t) > 0. Applying the method
outlined earlier yields
Φi = −Bt+ φ(t)± cos−1(r(t))
and the classical noise source h(qi) (t) can be calculated
using Eqs. (15). Numerical results are shown in Fig. 2.
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FIG. 2: Fields h1(t) and h2(t) for the quantum impurity
model. The solid line shows coupling v = 3 (quantum phase).
The dotted line shows v = 2 (crossover). The dashed line
shows v = 0.6 (classical phase). Note the oscillatory behavior
of the stronger coupling, indicative of coherence oscillation.
This model is of particular interest because it shows a
“classical” phase for v ≪ γ and a “quantum” phase for
v ≫ γ with a crossover region in between. The quan-
tum phase is characterized by oscillation in the coher-
ence measures such as the visibility. These oscillations
are clearly caused by the oscillations in the noise fields
as shown in Fig. 2. There is, however, nothing quantum
about the fields at any value of v; they are classical noise
sources.
IV. DEPHASING OF MULTIQUBIT SYSTEMS
In this section we generalize the one-qubit dephasing
model to a class of multiqubit models that satisfy a tran-
sitivity condition. In contrast to the single-qubit case,
there are multiqubit dephasing models that cannot be
classically simulated [7]. However, there are multiqubit
dephasing models that can be simulated classically and
that cannot be reduced to independent qubits.
A. Two-Qubit Dephasing
We will begin with the two-qubit case. The total quan-
tum Hamiltonian again has the form
H = HS +HB +HSB.
Just as in the single qubit case, we define dephasing
models by the condition [HS , HSB] = 0. The system
Hamiltonian HS can be expanded in the 15 generators of
SU (4) . Now we note that the subset of generators hav-
ing the form σi ⊗ σi is mutually commuting. Consider
all models for which these operators commute with the
total Hamiltonian. That is,
[H,σi ⊗ σi] = 0.
for each i. Note that this class of models does not reduce
to independent qubits. For example, the bath could be a
set of phonons (or other quantized fields) that modulates
an isotropic Heisenberg coupling between two spin 1/2
particles that have a time-independent Ising interaction
with each other.
Once again we assume that the system and bath are
initially in a product state and that the full density ma-
trix reduces to the system density matrix ρ. Note that
since the generators σi⊗σi are mutually commuting they
can be simultaneously diagonalized and the set of eigen-
states is equal to the set of maximally entangled Bell
states. In this basis the diagonal elements of ρ are con-
stant, i.e. ρii(t) = ρii(0). Thus, in this model, the popu-
lations of the Bell states remain constant in time. Note
that these qubits are entangled and thus are not inde-
pendent. We will continue to work in this basis for the
remainder of the section.
For a classical noise source to simulate the system-
bath Hamiltonian and preserve the diagonal elements,
each noise source must be diagonal. Note that in the
usual basis, this is equivalent to the condition that each
noise term is a linear combination of the generators σi ⊗
σi. If this is the case, then the time evolution of the
reduced density matrix is given by ρij(t) = rij(t)ρij(0),
(no summations) and rij satisfies the conditions rij(t) =
rji(t)
∗, |rij(t)| ≤ 1, and rii(t) = rij(0) = 1.
To simulate this quantum system, we need classical
noise sources Hα acting with a probability distribution
p(α) for α ∈ R. The corresponding evolution of the
8two-qubit density matrix is given by
ρ(t) =
∫ ∞
−∞
p(α)Uα(t)ρ(0)U
†
α(t)dα.
In our basis of Bell states, the set of valid noise terms
Hα is simply the set of diagonal matrices. Thus, define
the diagonal entries of each Hα as αdi(t) so that the set
{Hα} is characterized by a single parameter, α. This
assumption is a particularly simple case.
Time evolution is given by diagonal unitary operators
Uα with diagonal entries exp (−iαθi(t)) for
θi(t) =
∫ t
0
di(t
′)dt′.
Then the action UαρU
†
α gives
ρij → e−iαγij(t)ρij
where γij(t) = θi(t)−θj(t). Applying this result and av-
eraging the result over the probability distribution gives
ρij(t) =
∫ ∞
−∞
p(α)ρij(0)e
−iαγij(t)dα
=ρij(0)p˜ (γij(t)) (20)
where p˜(t) =
∫∞
−∞ p(α)e
−iαtdα. That is, for the model
specified above,
rij(t) = p˜(γij(t)). (21)
rij is just the Fourier transform of the probability distri-
bution p (α), and we can choose p (α) as we wish. This
completes the classical description of the process.
The class of quantum systems susceptible to this con-
struction is not very broad: the fact that γij is a dif-
ference of two functions is quite restrictive. γij (t) must
satisfy the transitivity condition: γij (t) = γik (t)+γkj (t)
for all i, j, k, which leads in turn to a restrictive set of con-
ditions on the rij(t). Such models are simple enough to
construct however, since we only need to specify the θi(t)
and transitivity is automatically satisfied. However, the
transitivity condition limits us to three noise functions θi
out of a possible six γij .
B. Generalization to Many Qubits
The results for two qubits can be extended to more
qubits in a straightforward manner. Let the principal
system consist of n qubits. In the quantum case, we
consider the principal system coupled to a bath with evo-
lution governed by a system-bath Hamiltonian HSB.
In a system of n qubits, the Pauli operators [2] can be
formed as the tensor products of 2-qubit Pauli matrices.
Including the identity, there are 4n Pauli operators that
act on the space of n qubits. It has been shown [14]
that the 4n − 1 Pauli operators (excluding the 2n × 2n
identity) can be partitioned into 2n + 1 unique sets of
2n−1 pairwise commuting operators. Let A be a subset
of the Pauli operators consisting of 2n − 1 commuting
operators. For example, A could be the subset defined by
all tensor products of σ0 and σ3 (excluding the identity).
The Pauli operators Oi ∈ A are mutually commuting
and can be simultaneously diagonalized. Along with the
identity, we have 2n independent operators. Working
in a basis such that each Oi is diagonal, these operators
span the diagonal matrices. Consider a system-bath
Hamiltonian HSB such that
[HSB, Oi] = 0
for each Oi. Since the Oi are simultaneously diagonal-
ized, there is no population transfer in the basis of simul-
taneous eigenstates and it is clear that the above condi-
tions produce dephasing noise and we can define the anal-
ogous quantities rij(t) characterizing the evolution of the
principal system. However, as in the two-qubit case, not
all of the quantum models satisfying these conditions can
be simulated classically.
We can consider a random noise model acting on the
principal system specified by {Hα} and p(α) with all
of the noise terms Hα equal to linear combinations of
Oi ∈ A. Proceeding as in the two-qubit case, define the
analogous quantities γij(t). These γij remain subject to
the transitivity condition γij(t) = γik(t) + γkj(t). As in
the 2-qubit case, a sufficient condition for classical sim-
ulation is that rij(t) = p˜(γij(t)). For many qubits, the
transitivity condition on γij becomes increasingly restric-
tive. Once again, however, we only need to specify the
θi(t) in order to construct such a model. With n qubits,
this amounts to specifying 2n−1 degrees of freedom, out
of a possible
(
2n−1
)
(2n − 1).
V. N-DIMENSIONAL DEPOLARIZATION
Given a principal quantum system in N dimensions
with initial density matrix ρ0, the depolarization channel
is given by
ρ(t) = (1− p(t))ρ0 + p(t)
(
1
N
)
I
where p(t) ∈ [0, 1] for all t and p(0) = 0. I is the N ×N
identity matrix. In this section we drop the subscripts
on ρ.
A quantum model for depolarization of n (N = 2n)
qubits is given by the Kraus operators Mi where i =
(i1, i2, . . . , in) with ij ∈ {0, 1, 2, 3}
M0(t) =
√
1− 4
n − 1
4n
p(t)I (22)
and for i 6= 0
Mi(t) =
√
p(t)
2n
(σi1 ⊗ σi2 ⊗ · · · ⊗ σin) . (23)
9Then
ρ(t) =
∑
i
Miρ0M
†
i (24)
holds for ρ(t) defined above [2].
We now present a classical model for depolarization
in arbitrary dimension. Consider the unitary group
SU(N). N need not be a power of 2, so the follow-
ing construction holds not only for qubit arrays, but also
for qudits. Each time-independent U ∈ SU(N) can be
expanded in terms of its eigenvectors |j〉 as
U =
∑
j
e−idj |j〉 〈j|
with dj ∈ (−π, π]. For a fixed U , define HU as
HU =
∑
j
dj |j〉 〈j|
so that
U = e−iHU t
∣∣
t=1
.
Note that each HU can be expanded as
HU =
∑
r
hrλr
where hr are real and λr are the generators of SU(N).
Then consider the Hamiltonian defined by the set {HU}
with the probability distribution equal to the uniform
distribution in Haar measure over SU(N). For conve-
nience, choose
∫
SU(N)
dU = 1
where the integral is taken with respect to the Haar mea-
sure. Time evolution is then given by
ρ(t) =
∫
SU(N)
e−iHU tρ(0)eiHU tdU. (25)
We need to show that this time evolution is purely de-
polarizing. Consider an arbitrary unitary transformation
V such that
V ρ0V
† = ρ0.
Then we can write that
ρ(t) =
∫
SU(N)
e−iHU tV ρ0V †eiHU tdU
from which we can easily obtain
V †ρ(t)V =
∫
SU(N)
V †e−iHU tV ρ0V †eiHU tV dU.
Since the above integral runs over the entire unitary
group SU(N), conjugation by V simply amounts to a
reparameterization of the integral. Thus, we can write
V †ρ(t)V =
∫
SU(N)
e−iHU tρ0eiHU tdU = ρ(t). (26)
Hence, any rotation leaving the initial polarization vec-
tor fixed must also leave ρ(t) fixed, and the polarization
vector of ρ(t) must be parallel to that of ρ0.
Now, consider the case t = 1. From our initial defini-
tion of HU , we see that
ρ(t = 1) =
∫
SU(N)
Uρ0U
†dU.
Further consider an arbitrary unitary operator W . Then
conjugation gives
Wρ(t = 1)W † =
∫
SU(N)
WUρ0U
†W †dU
=
∫
SU(N)
Uρ0U
†dU
since if U runs over the entire unitary group than so does
WU . Thus, we see that
Wρ(t = 1)W † = ρ(t = 1).
Since this holds for arbitrary unitary operator W , we
must have that ρ(1) is proportional to the identity. Thus,
ρ(1) is the totally mixed state and we see that the model
presented is indeed a depolarizing channel.
For the single qubit (N = 1) case, the integral can be
evaluated explicitly. Without loss of generality, assume
that the initial qubit state is specified by
ρ(t = 0) =
1
2
(I + σz) .
Then
ρ(t) =
1
2
(I + nz(t)σz) .
The integration in Eq. 25 reduces to an integral over the
3-sphere S3. It can be evaluated explicitly and one finds
nz(t) =
1
3
+
sin(2πt)
3π(t− t3) . (27)
This expression indeed satisfies nz(t = 0) = 1 and
nz(t = 1) = 0. Somewhat surprisingly, this function
has a root near t = 0.77 and has a limiting value of 1/3
as t→∞. Because of the unexpected root, proper depo-
larization behavior ends before t = 1, however a simple
reparameterization of time and the corresponding redefi-
nition of noise terms Hα allows for arbitrary depolarizing
behavior. The graph of nz(t) is shown in Fig. 3.
In this classical model the noise histories belong to an
uncountably infinite set. It is also possible to construct
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FIG. 3: The z component of the Bloch vector as a function
of time for single qubit classical depolarization. Note that
proper depolarization ends at the first root (t ≈ 0.77).
a classical depolarization model using a finite set of histo-
ries. The Clifford group C (N) is a subgroup of SU (N)
defined as the stabilizer group of the Pauli group; the lat-
ter consists of tensor products of the Pauli matrix multi-
plied by the units of the complex numbers. It has been
shown that C (N) is a unitary 2-design, meaning that
averages over the Clifford group of polynomial expres-
sions of degree less than or equal to two (such as ρ0) are
equal to uniform averages over the Haar measure [15–17].
This means that the above derivation of the depolarizing
evolution may be repeated with the substitution
∫
SU(N)
f (U)dU → 1|C (N)|
∑
C
f (C) .
Since the members of C (N) are unitary, evolution of ρ
according to
1
|C (N)|
∑
U∈C
CρC†
is a RC evolution. The construction of the equivalent
depolarizing quantum system-bath model then proceeds
as in Eqs. 16-18.
VI. CONCLUSION
We have shown how to construct classical simulations
of decoherence arising from the interactions of a sin-
gle qubit and an external bath for the pure dephasing
case. We demonstrated that the noise functional takes
on the particularly simple form of two uniformly dis-
tributed random unitary evolutions and gave the explicit
expression for the corresponding Hamiltonian fields. We
offered exact results of the calculation of these fields for
the spin-boson model, approximate results for the central
spin model, and numerically exact results for the quan-
tum impurity model.
Classical simulation of quantum noise acting on mul-
tiple qubits and qudits is also possible in certain cases.
For two interacting qubits, we showed that the simulation
is possible if the interaction is sufficiently simple and we
gave the corresponding classical noise model. We demon-
strated that the depolarization channel can be simulated
classically for a state space of arbitrary dimension, using
well-known properties of the Clifford group.
Philosophically, it is surprising that classical simula-
tion is mainly possible when the decoherence arises from
phase randomness of quantum states and is more diffi-
cult when the decoherence comes from randomness in the
population of those states, since phase is a characteristic
of quantum mechanics that is not shared with classical
mechanics, while the concept of population is common to
both.
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